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Abstract: A key ingredient in emerging quantum-enhanced technologies
is the ability to coherently manipulate and detect superpositions of basis
states. In integrated optics implementations, transverse spatial modes
supported by multimode structures offer an attractive carrier of quantum
superpositions. Here we propose an integrated dynamic mode converter
based on the electro-optic effect in nonlinear channel waveguides for deter-
ministic transformations between mutually non-orthogonal bases of spatial
modes. We theoretically show its capability to demonstrate a violation of a
Bell-type Clauser-Horne-Shimony-Holt inequality by measuring spatially
mode-entangled photon pairs generated by an integrated photon pair source.
The proposed configuration, numerically studied for the potassium titanyl
phosphate (KTP) material, can be easily implemented using standard
integrated optical fabrication technology.
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OCIS codes: (270.0270) Quantum optics; (190.4390) Nonlinear optics, integrated optics;
(230.7370) Waveguides.
References and links
1. K. Sanaka, K. Kawahara, and T. Kuga, “New high-efficiency source of photon pairs for engineering quantum
entanglement,” Phys. Rev. Lett. 86, 5620–5623 (2001).
2. K. Banaszek, A. B. U’Ren, and I. A. Walmsley, “Generation of correlated photons in controlled spatial modes by
down conversion in nonlinear waveguides,” Opt. Lett. 26, 1367-1369 (2001).
3. M. C. Booth, M. Atatu¨re, G. D. Giuseppe, B. E. A. Saleh, A. V. Sergienko, and M. C. Teich, “Counterpropagating
entangled photons from a waveguide with periodic nonlinearity,” Phys. Rev. A 66, 023815 (2002).
4. J. L. O’Brien, A. Furusawa, and Jelena Vucˇkovic´, “Photonic quantum technologies,” Nature Photon. 3, 687–695
(2009).
5. P. G. Kwiat, E. Waks, A. G. White, I. Appelbaum, and P. H. Eberhard, “Ultrabright source of polarization-
entangled photons,” Phys. Rev. A 60, R773–R776 (1999).
6. M. Fiorentino, G. Messin, C. E. Kuklewicz, F. N. C. Wong, and J. H. Shapiro, “Generation of ultra-bright tunable
polarization entanglement without spatial, spectral, or temporal constraints,” Phys. Rev. A 69, 041801(R) (2004).
7. J. F. Hodelin, G. Khoury, and D. Bouwmeester, “Optimal generation of pulsed entangled photon pairs,” Phys.
Rev. A 74, 013802 (2006).
8. A. Martin, V. Cristofori, P. Aboussouam, H. Hermann, W. Sohler, D. B. Ostrowsky, O. Alibart, and S. Tanzilli,
“Integrated optical source of polarization entangled photons at 1310 nm,” Opt. Express 17, 1033–1041 (2009).
9. A. Eckstein and C. Silberhorn, “Broadband frequency mode entanglement in waveguided parametric down con-
version,” Opt. Lett. 33, 1825–1827 (2008).
10. M. F. Saleh, B. E. A. Saleh, and M. C. Teich, “Modal, spectral, and polarization entanglement in guided-wave
parametric down-conversion,” Phys. Rev. A 79, 053842 (2009).
ar
X
iv
:1
51
0.
04
20
4v
2 
 [q
ua
nt-
ph
]  
16
 D
ec
 20
15
11. J. Brendel, N. Gisin, W. Tittel, and H. Zbinden, “Pulsed energy-time entangled twin-photon source for quantum
communication,” Phys. Rev. Lett. 82, 2594–2597 (1999).
12. S. Tanzilli, W. Tittel, H. de Riedmatten, H. Zbinden, P. Baldi, M. P. de Micheli, D. B. Ostrowsky, and N. Gisin,
“PPLN waveguide for quantum communication,” Eur. Phys. J. D 18, 155-160 (2002).
13. T. Honjo, H. Takesue, and K. Inoue, “Generation of energy-time entangled photon pairs in 1.5-µm band with
periodically poled lithium niobate waveguide,” Opt. Express 15, 1679–1683 (2007).
14. P. J. Mosley, A. Christ, A. Eckstein, and C. Silberhorn, “Direct measurement of the spatial-spectral structure of
waveguided parametric down-conversion,” Phys. Rev. Lett. 103, 233901 (2009).
15. M. Karpin´ski, C. Radzewicz, and K. Banaszek, “Experimental characterization of three-wave mixing in a multi-
mode nonlinear KTiOPO4 waveguide,” Appl. Phys. Lett. 94, 181105 (2009).
16. M. Karpin´ski, C. Radzewicz, and K. Banaszek, “Dispersion-based control of modal characteristics for parametric
down-conversion in a multimode waveguide,” Opt. Lett. 37, 878–880 (2012).
17. M. Karpin´ski, C. Radzewicz, and K. Banaszek, “Generation of spatially pure photon pairs in a multimode nonlin-
ear waveguide using intermodal dispersion,” Proc. SPIE 8518, Quantum Communications and Quantum Imaging
X, 85180J (2012).
18. D. Javu˚rek, J. Svozilı´k, and J. Perˇina Jr., “Emission of orbital-angular-momentum-entangled photon pairs in a
nonlinear ring fiber utilizing spontaneous parametric down-conversion,” Phys. Rev. A 90, 043844 (2014).
19. J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt, “Proposed experiment to test local hidden-variable
theories,” Phys. Rev. Lett. 23, 880-884 (1969).
20. Z. Y. Ou and L. Mandel, “Violation of Bell’s inequality and classical probability in a two-photon correlation
experiment,” Phys. Rev. Lett. 61, 50–53 (1988).
21. P. G. Kwiat, K. Mattle, H. Weinfurter, A. Zeilinger, A. V. Sergienko, and Y. Shih, “New high-intensity source of
polarization-entangled photon pairs,” Phys. Rev. Lett. 74, 4337–4341 (1995).
22. G. Weihs, T. Jennewein, C. Simon, H. Weinfurter, and A. Zeilinger, “Violation of Bell’s inequality under strict
Einstein locality conditions,” Phys. Rev. Lett. 81, 5039–5043 (1998).
23. Y. Kang, J. Ko, S. M. Lee, S. K. Choi, B. Y. Kim, and H. S. Park, “Measurement of the entanglement between
photonic spatial modes in optical fibers,” Phys. Rev. Lett. 109, 020502 (2012).
24. A. Yariv, “Coupled-mode theory for guided-wave optics,” IEEE J. Quant. Electron. QE-9, 919–933 (1973).
25. A. K. Ghatak and K. Thyagarajan, Optical Electronics (Cambridge University, 1989).
26. A. Yariv and P. Yeh, Photonics (Oxford University, 2007).
27. D. Perry, S. Chadderdon, R. Forber, W. C. Wang, R. Selfridge, and S. Schultz, “Multiaxis electric field sensing
using slab coupled optical sensors,” App. Opt. 52, 1968–1977 (2013).
28. J. D. Bierlein and C. B. Arweiler, “Electro-optic and dielectric properties of KTiOPO4,” Appl. Phys. Lett. 49,
917-919 (1986).
29. K. Kato and E. Takaoka, “Sellmeier and thermo-optic dispersion formulas for KTP,” App. Opt. 41, 5040–5044
(2002).
30. J. P. Torres, K. Banaszek, and I. A. Walmsley, “Engineering nonlinear optic sources of photonic entanglement,”
Prog. Opt. 56, 227–331 (2011).
31. M. Jachura, M. Karpin´ski, C. Radzewicz, and K. Banaszek, “High-visibility nonclassical interference of photon
pairs generated in a multimode nonlinear waveguide,” Opt. Express 22, 8624–8632 (2014).
32. D. Marcuse, “Electro optic coupling between TE and TM Modes in Anisotropic Slabs,” IEEE J. Quant. Electron.
QE-9, 759–767 (1975).
33. W. Jin and K.S. Chiang “Mode switch based on electro-optic long-period waveguide grating in lithium niobate,”
Opt. Lett. 40, 237–240 (2015).
1. Introduction
Realization of spontaneous parametric down-conversion in χ(2) nonlinear optical waveguides
[1–3] offers novel strategies to engineer photonic entanglement, which powers numerous ap-
plications in the emerging field of quantum-enhanced technologies [4]. Entanglement be-
tween photons can be produced in various degrees of freedom such as polarization [5–8],
time/frequency [9–13] etc. In the case of multimode waveguides, transverse spatial modes
can be also used as the basis for generating a discrete (finite-dimensional) entangled state
[10, 14–18].
In this paper, we present an electrically-controlled integrated optics scheme to verify pho-
tonic entanglement in transverse spatial modes supported by a multimode waveguide. As a
radiation source, we employ a high-fidelity maximally entangled state in transverse modes gen-
erated using a quasi phase matched (QPM) nonlinear channel waveguide fabricated in potas-
sium titanyl phosphate (KTP). At the heart of our scheme is an original design for dynamic
mode converters using the electro-optic effect in two-moded channel waveguides, which en-
able measurements of generated photons in non-orthogonal spatial bases. These components
are employed to analyze the violation of the Clauser, Horne, Shimony, and Holt (CHSH) in-
equality [19] for spatially entagled photons in analogy to standard tests of polarization entangle-
ment [20–22]. The presented results contribute to a universal toolbox for utilizing prospectively
the spatial degree of freedom of guided optical radiation in a variety of quantum protocols. Re-
cently, the acousto-optic effect has been used to couple two transverse modes of an optical fiber
to verify mode entanglement [23]. Our approach offers the possibility to perform determinis-
tic, polarization-selective operations on pairs of spatial modes without radio frequency electric
signals.
This paper is organized as follows. Sec. 2 describes the principle of the scheme. Its quan-
titative analysis is carried out in Sec. 3 and numerical results are presented in Sec. 4. Finally,
Sec. 5 concludes the paper.
2. Principle
We consider spontaneous parametric down conversion (SPDC) in a multimode channel waveg-
uide fabricated in a z-cut, x-propagating KTP substrate; here xyz coordinate system refers to
the principal axis system of the crystal. In a type-II process, the two generated photons can be
distinguished by their orthogonal polarizations, associated with the signal and the idler beam.
We will refer to these polarizations as horizontal H and vertical V , with dominant components
of the electric field oriented respectively along y and z axes. For each polarization we will be
interested in two transverse spatial modes depicted in Fig. 1(a): the fundamental one 00 and a
first-order one 10 with a node defined by the equation y= 0.
When a horizontally polarized pump P is prepared in the transverse mode 10P, two processes
can be simultaneously realized [15]:
1 : 10P→ 00H +10V
2 : 10P→ 10H +00V . (1)
With the right choice of the waveguide geometry, the conversion efficiencies and spectral char-
acteristics of these two processes can be made nearly identical, which produces to a good ap-
proximation a pure two-photon state in the form
|Ψ〉 = 1√
2
(|00H ,10V 〉+ |10H ,00V 〉). (2)
This state can be viewed as a maximally entangled state of two qubits labeled by the polariza-
tion indices H,V . Each qubit space is spanned by a pair of orthogonal basis states defined by
transverse modes 00 and 10. The qubits can be separated in a straightforward manner using a
polarizing beam splitter and sent in different directions to satisfy the locality condition when
testing the CHSH inequality. However, to demonstrate the flexibility of manipulating such spa-
tial qubits in wave guiding structures we will consider independently controlled transformations
of H and V photons travelling along the same path.
The state introduced in Eq. (2) can serve as a resource to test the violation of the CHSH
inequality analogously to standard polarization entanglement. In the case of a polarization en-
tangled state, verification of entanglement is carried out by passing the two photons through two
independent polarizers (or polarization splitters) and by changing the orientation θ of their pass
axes followed by measuring coincidences between the two detectors [22]. Basically, the rotation
of the axes of the polarizers (or polarization splitters) results in a mixing of the two orthogonal
polarization components or equivalently in projecting the photons onto non-orthogonal basis
states. By choosing an appropriate combination of the projections on the two photons it is pos-
sible to show the violation of CHSH inequality and thus verify polarization entanglement.
In order to extend this idea to demonstrate spatial mode entanglement for photon pairs de-
scribed by Eq. (2), we need to implement projections onto general superpositions of the form
|θ〉 = cosθ |00〉+ sinθ |10〉
|θ + pi2 〉 =−sinθ |00〉+ cosθ |10〉, (3)
shown schematically in Fig. 1(b). This can be achieved using single-qubit gates that would
realize a unitary transformation |θ〉 → |00〉 and |θ + pi2 〉 → |10〉, followed by detection in the
basis {|00〉, |10〉}. A device implementing such a gate is a dynamic mode converter which
controllably couples the two spatial modes with the angle θ defined by the coupling strength
between the two modes.
We define the difference between the propagation constants of the two spatial modes in H
and V polarizations that are to be coupled by ∆βH(V ) = β
H(V )
00 − βH(V )10 , where βH(V )mn are the
propagation constants of H(V )-polarized mn modes of two-mode channel waveguide (m = 0,
1; n = 0). Since ∆βH(V ) is non-zero, we need two consecutive periodic electrode patterns with
appropriate spatial frequencies KH(V )=
2pi
ΛH(V )
to couple the two differentH(V )-polarized modes
00 and 10; for maximum efficiency we must have KH(V ) = ∆βH(V ) [24]. Here ΛH(V ) are the
spatial periods of the periodic electrode patterns designed to couple H- or V -polarized modes
respectively.
In our case the two photons are travelling along the same direction in the waveguide. There-
fore, the two mode waveguide needs to be designed in such a way that the two spatial fre-
quencies are sufficiently different so that the coupling among the horizontally polarized spatial
modes and vertically polarized spatial modes can be controlled independently. Since the two
modes that need to be coupled are of opposite parity, we would need an asymmetric electrode
pattern as shown in Fig. 2 that would generate an asymmetric electric field distribution which
can then enable coupling among the two different parity modes via the electro-optic effect. Be-
cause practical waveguides are weakly guiding, the modal electric fields of the H(V )-polarized
Fig. 1. (a) Electric field distributions for transverse spatial modes 00 and 10 for horizontal
H and vertical V polarizations in an exemplary KTP waveguide used for the numerical
example presented in Sec. 4 of this paper. (b) Rotation of the spatial mode basis required to
test the CHSH inequality. Rotated modes |θ〉 and |θ + pi2 〉 are illustrated with distributions
depicted for θ = 30◦.
modes (or y (z)-polarized modes) are primarily directed along the y (z) direction. Thus the
electro-optic coefficient r23 (r33) can be employed to induce coupling among the two spatial
modes through the Ez component of the applied field.
The mixing among the spatial modes can be described through standard coupled mode theory
[24–26]. Thus in the presence of the periodic electrode pattern of length L, the input and output
amplitudes of the horizontally polarized spatial modes are related by the following equation:(
AH(L)
BH(L)
)
=
(
cos(κHL) sin(κHL)
−sin(κHL) cos(κHL)
)(
AH(0)
BH(0)
)
, (4)
where A and B represent respectively the amplitudes of the 00 and 10 mode, while κH is the
coupling coefficient between the two spatial modes corresponding to the horizontal polariza-
tion. The value of κH can be controlled by changing the applied voltage. Note that this is very
similar to the case of polarization splitter where the quantity θ = κHL would be replaced by the
angle made by the principal axes of the polarization splitter with the eigen polarization axes.
Similarly the input and output amplitudes of the vertical polarized modes are related by the
Fig. 2. Top view of the waveguide design for generating and testing of spatially mode en-
tangled state. Region (a) is a multimode channel waveguide with a single QPM grating for
generating spatially mode entangled states and region (b) is a two-moded channel waveg-
uide with two asymmetric electrode patterns of different periods to independently control
coupling among the H and V polarized spatial modes. Part (c) is an asymmetric Y-splitter
separating modes 00 and 10 into distinct output ports.
Fig. 3. (a) Cross-sectional view of the region Fig. 2(b) depicting the geometry of the device.
Here, 2a is the separation between the two electrodes, b and c corresponds to the width and
the depth of the two mode channel waveguide respectively and d is the separation of mid-
point of two electrodes (dashed line) with respect to the fixed center of the waveguide. (b)
Optimized parameters of the device ensuring an efficient and controlable coupling between
the 10 and 00 modes, while preserving both two-mode operation as well as polarization
selectivity.
following equation:(
AV (L)
BV (L)
)
=
(
cos(κVL) sin(κVL)
−sin(κVL) cos(κVL)
)(
AV (0)
BV (0)
)
. (5)
Exactly similar to the case of horizontal polarization the value of κV can be controlled by an
appropriate choice of the applied voltage.
If κH and κV (which are proportional to the applied voltages) represent the coupling coef-
ficients between the 00 and 10 modes corresponding to horizontal and vertical polarizations,
then according to coupled mode theory [24] the power coupled among the 00 and 10 modes
over a length L are given by cos2(κHL) and cos2(κVL) respectively. A detailed analysis will be
discussed in the next section.
The two transverse spatial modes can be separated into two different output paths by using
an asymmetric Y-splitter shown in Fig. 2(c) in which both the output waveguides are single-
moded but with different propagation constants (which can be easily obtained by choosing
different widths of the two waveguides). In such a device, the fundamental symmetric mode
at both the signal and the idler wavelengths will exit from the upper waveguide while the first
excited antisymmetric mode will exit from the lower waveguide having propagation constant
less than the upper waveguide. This way the spatial modes in which the photons are generated
can be separated into distinct output ports and individually detected.
Analogously to polarization entanglement, the CHSH inequality is tested by switching ran-
domly between two measurements, characterized by angles θ1 and θ ′1 for the horizontally po-
larized photon, and θ2 and θ ′2 for the vertically polarized photon. Let Pmn(θ1,θ2) denote the
coincidence probability of detecting jointly the photon H in the mode m0 and the photon V in
the mode n0, where m,n = 0,1, for settings θ1 = κHL and θ2 = κVL. These probabilities are
used to calculate the correlation function
E(θ1,θ2) = P00(θ1,θ2)+P11(θ1,θ2)−P01(θ1,θ2)−P10(θ1,θ2). (6)
The correlation functions for all four combinations of detection settings enter the CHSH ex-
pression
S= E(θ1,θ2)+E(θ ′1,θ2)+E(θ
′
1,θ
′
2)−E(θ1,θ ′2), (7)
which for separable states is bounded between −2≤ S ≤ 2. For a maximally entangled state it
reaches S = 2
√
2≈ 2.82843, which is attained for angles θ1 = 90◦,θ2 = 22.5◦,θ ′1 = 45◦,θ ′2 =
67.5◦. As will be shown in Sec. 3 these specific values can be obtained by adjusting the voltage
applied on the electrodes.
3. Quantitative analysis
In this section we will give detailed analysis for coupling the horizontally (vertically) polarized
modes in a two moded channel waveguide and we will show how this leads to testing of CHSH
inequality for spatially mode entangled state.
As shown in Figs. 2 and 3 we consider a two moded channel waveguide of width b and
depth c with two asymmetric periodic electrode patterns of different periods for coupling the
two spatial modes (00 and 10) of horizontal (H) polarization and two spatial modes (00 and
10) of vertical (V ) polarization respectively. We can induce coupling between horizontally (or
vertically) polarized modes by periodically modulating the refractive index using the electro-
optic effect.
For KTP, in the presence of an applied electric field having components Ex,Ey and Ez, the
equation of the index ellipsoid will be given by [26, 27]:
x2
(nx+∆n˜x)2
+
y2
(ny+∆n˜y)2
+
z2
(nz+∆n˜z)2
+2yzr42Ey+2xzr51Ex = 1, (8)
where ∆n˜x ≈ −n3xr13Ez/2, ∆n˜y ≈ −n3yr23Ez/2, ∆n˜z ≈ −n3z r33Ez/2; r13,r23,r33,r42 and r51 are
coefficients of electro-optic tensor of KTP which is given as:
0 0 r13
0 0 r23
0 0 r33
0 r42 0
r51 0 0
0 0 0
 .
Assuming a channel waveguide in z-cut KTP, with propagation direction along the x-direction,
it can be seen from Eq. (8) that for the H-polarized modes (or y-polarized modes) whose modal
electric field is primarily directed along the y-direction, the electro-optic coefficient r23 (≈ 16
pm/V) [28] will induce changes through the Ez component of the applied field. Similarly for
the V -polarized modes (or z-polarized modes) whose modal electric field is primarily directed
along the z-direction, the electro-optic coefficient r33 (≈ 36 pm/V) will induce changes through
the Ez component of the applied electric field. The term containing r42 will try to induce cou-
pling among the y- and z-polarizations; however since the propagation constants of the two
polarized modes are different, it would need a periodic perturbation of a specific period to in-
duce coupling. This period being different from those required for coupling among the two
spatial modes, this term is not expected to have any effect. Similarly the effect of the r51 term
can be neglected.
In the following we analyze how this refractive index modulation will lead to coupling among
the two modes in the waveguide. The total electric field in the y (H-polarized) or the z (V -
polarized) direction can be written as a superposition of the two corresponding modes with
appropriate x-dependent amplitudes:
Φy(z)(x,y,z) = E
H(V )
00 (x,y,z)+E
H(V )
10 (x,y,z) =
= AH(V )(x)ψ
H(V )
00 (y,z)e
i(ωt−βH(V )00 x)+BH(V )(x)ψ
H(V )
10 (y,z)e
i(ωt−βH(V )10 x), (9)
where EH(V )00 and E
H(V )
10 is the electric field distribution of H(V )-polarized 00 and 10 modes
respectively. The two mode field profiles satisfy the following equations:
∂ 2ψH(V )00
∂y2
+
∂ 2ψH(V )00
∂ z2
+[k20n
2
y(z)(y,z)− (βH(V )00 )2]ψH(V )00 = 0 (10a)
∂ 2ψH(V )10
∂y2
+
∂ 2ψH(V )10
∂ z2
+[k20n
2
y(z)(y,z)− (βH(V )10 )2]ψH(V )10 = 0. (10b)
Here ψH(V )mn is the field profile of the H(V )-polarized mn mode. We assume that the applied
electric field creates a refractive index modulation given by:
n˜2y(z)(x,y,z)≈ n2y(z)(y,z)+2ny(z)(y,z)∆ny(z)(x,y,z).
With periodic electrodes of spatial period ΛH(V ), the generated refractive index modulation
becomes
∆ny(z)(x,y,z) = ∆n˜y(z)(y,z)sin(KH(V )x),
where KH(V ) =
2pi
ΛH(V )
is the spatial frequency of the grating used for coupling among the H-
modes or the V -modes. Using standard coupled mode theory [24–26] we obtain the following
two coupled equations describing the coupling among the two modes:
∂AH(V )
∂x
= κH(V )12 BH(V )e
i(∆βH(V )−KH(V ))x (11a)
∂BH(V )
∂x
=−κH(V )21 AH(V )e−i(∆βH(V )−KH(V ))x, (11b)
where
κH(V )12 =
k20
2βH(V )00
∫ ∞
−∞
∫ ∞
−∞
(ψH(V )00 )
∗ny(z)(y,z)∆n˜y(z)(y,z)(ψ
H(V )
10 )dydz, (12a)
κH(V )21 =
k20
2βH(V )10
∫ ∞
−∞
∫ ∞
−∞
(ψH(V )10 )
∗ny(z)(y,z)∆n˜y(z)(y,z)(ψ
H(V )
00 )dydz, (12b)
and
∆βH(V ) = β
H(V )
00 −βH(V )10 . (13)
Solving Eqs. (11a) and (11b), we get the general solution as:(
AH(V )(x)
BH(V )(x)
)
= [cos(γH(V )x)− iδH(V )γH(V ) sin(γH(V )x)]eiδH(V )x,[κH(V )γH(V ) sin(γH(V )x)]eiδH(V )x[
−κH(V )γH(V ) sin(γH(V )x)
]
e−iδH(V )x,
[
cos(γH(V )x)+
iδH(V )
γH(V )
sin(γH(V )x)
]
e−iδH(V )x
(AH(V )(0)
BH(V )(0)
)
,
(14)
where:
δH(V ) =
∆βH(V )−KH(V )
2
, κH(V ) =
√
κH(V )12 κ
H(V )
21 , (γH(V ))
2 = (κH(V ))2+(δH(V ))2.
For the input state given by |00H ,10V 〉 with the H-polarized photon in the 00 mode and the
V -polarized photon in the 10 mode, the initial conditions at x= 0 correspond to:
AH(x= 0) = 1 & BH(x= 0) = 0; BV (x= 0) = 1 & AV (x= 0) = 0. (15a)
Similarly for the input state given by |10H ,00V 〉 the initial conditions at x= 0 correspond to:
BH(x= 0) = 1 & AH(x= 0) = 0; AV (x= 0) = 1 & BV (x= 0) = 0. (15b)
Now, owing to the initial condition (15a), Eq. (14) becomes:
AH(x) =
[
cos(γHx)− iδHγH sin(γHx)
]
eiδHx; BH(x) =
[
−κH
γH
sin(γHx)
]
e−iδHx (16a)
AV (x) =
[
κV
γV
sin(γV x)
]
eiδV x; BV (x) =
[
cos(γV x)+
iδV
γV
sin(γV x)
]
e−iδV x. (16b)
Thus the powers in modes 00 and 10 for both polarizations (H and V ) at the end of the interac-
tion of length L are given by:
P00H (L) = |AH |2 = cos2(γHL)+
(
δH
γH
)2
sin2(γHL); P10H (L) = |BH |2 =
(
κH
γH
)2
sin2(γHL)
P00V (L) = |AV |2 =
(
κV
γV
)2
sin2(γVL); P10V (L) = |BV |2 = cos2(γVL)+
(
δV
γV
)2
sin2(γVL).
Similarly, solving Eq. (14) for the initial condition (15b), we obtain powers in modes 00 and 10
for both polarizations (H and V ) at the end of the interaction of length L as:
P00H (L) = |AH |2 =
(
κH
γH
)2
sin2(γHL); P10H (L) = |BH |2 = cos2(γHL)+
(
δH
γH
)2
sin2(γHL)
P00V (L) = |AV |2 = cos2(γVL)+
(
δV
γV
)2
sin2(γVL); P10V (L) = |BV |2 =
(
κV
γV
)2
sin2(γVL).
We show in Sec. 4 that it is possible to choose the grating period corresponding to the signal
and idler wavelengths to satisfy the conditions δH(V ) = 0; in such a case we have:(
AH(V )(L)
BH(V )(L)
)
=
(
cos(κH(V )L) sin(κH(V )L)
−sin(κH(V )L) cos(κH(V )L)
)(
AH(V )(0)
BH(V )(0)
)
. (17)
Thus, separating and detecting photons in the modes 00 and 10 after the rotation corresponds
to realizing a projection in the spatial modal basis given by:
|θH(V )〉 = cosθ |00H(V )〉+ sinθ |10H(V )〉 (18a)
|(θ + pi2 )H(V )〉 =−sinθ |00H(V )〉+ cosθ |10H(V )〉. (18b)
For a general two-photon state described by a density matrix ρˆ , the coincidence probabilities
are given by expressions
Pmn(θ1,θ2) = 〈(θ1+mpi2 )H ,(θ2+npi2 )V |ρˆ|(θ1+mpi2 )H ,(θ2+npi2 )V 〉, (19)
where m,n= 0,1. Using these expressions we can evaluate the correlation functions according
to Eq. (6) and further the CHSH combination S defined in Eq. (7).
4. Numerical results
For generation of spatially mode entangled pairs of photons we consider an ion-diffused potas-
sium titanyl phosphate (KTP) channel waveguide with a step-index profile. The values of the
KTP substrate refractive index (ns) for different wavelengths and different polarizations were
calculated using Sellmeier equations given in [29]. The refractive index difference (∆n) for a
waveguide is taken to be 0.02. Carrying out the simulations we obtain the optimized waveguide
parameters as waveguide width = 5.0 µm, waveguide depth = 2.0 µm, QPM grating period =
6.956 µm, length of waveguide = 1 mm; for these parameters the QPM conditions for both
the processes can be simultaneously satisfied. Figure 4 depicts the spectral dependence of the
two SPDC processes, including conversion efficiencies given by spatial overlaps of triplets of
transverse modes involved in each process according to Eq. (1). It is seen that spatially mode en-
tangled pairs of photons can be generated with the maximum probability attained for the wave-
lengths (λp,λH ,λV ) = (392 nm, 750.776 nm, 820.435 nm). Here, λp,λH and λV corresponds to
pump, signal and idler wavelength respectively. Taking into account slightly unequal conver-
sion efficiencies of the two processes and residual spectral distinguishability of the generated
pairs, the generated two-photon state can be modelled by a normalized density matrix [30]:
ρˆ = w|00H ,10V 〉 〈00H ,10V |+(1−w)|10H ,00V 〉 〈10H ,00V |
+ v
(|00H ,10V 〉〈10H ,00V |+ |10H ,00V 〉〈00H ,10V |) (20)
where w= 0.4825 and v= 0.4979. Here we have neglected photons in other spatial mode pairs
that could be generated by SPDC in a multimode waveguide [17, 31]. They can be removed
Fig. 4. Spectral distributions of the two SPDC processes used to prepare a pair of photons
entangled in transverse spatial modes.
either by spatial filtering during the passage to the two-mode waveguide depicted in Fig. 2(b)
or by coarse spectral filtering thanks to the spatial-spectral correlations present in SPDC in
multimode waveguides [14, 17, 31].
In order to perform rotations in the spatial mode bases of the photons H and V , the width
Fig. 5. (a) Variation of κH with d for 1 volt for different value of a, (b) Variation of κV with
d for 1 volt for different value of a.
of the waveguide is reduced from 5 µm to 3 µm (see Fig. 2) so, that it supports only two spa-
tial modes at signal and idler wavelengths (i.e. 00 and 10 mode). The purpose of reducing the
waveguide width is twofold: first it will act like a modal filter to remove modes other than the
00 and 10 modes and secondly it will introduce significant difference between spatial frequen-
cies KH = (βH00−βH10) and KV = (βV00−βV10) so that the grating used for introducing coupling
between the horizontally polarized modes does not introduce coupling between vertically po-
larized modes and vice versa.
Fig. 3 shows the cross section of the channel waveguide and the electrode patterns for cou-
pling among the H-polarized modes and the V -polarized modes. The transverse dependence of
the z-component of the electric field distribution is given by [32]:
Ez(y,z) =
V
pi
√
2
[−(a2+ z2− y2)+{a4+ y4+ z4+2y2z2+2a2(z2− y2)}1/2]1/2
[a4+ y4+ z4+2y2z2+2a2(z2− y2)]1/2 , (21)
where 2a is a distance between two electrodes and V is the voltage applied on the electrodes.
Numerical optimization of the electrode positions vis a vis the waveguide leads to the max-
imal mode coupling strength for the electrodes positioned asymmetrically as shown in Fig. 3.
Figure 5 shows the variation of the coupling coefficients κH ,κV for different values of half-
separation between electrodes a as a function of the distance between electrodes midpoint and
fixed waveguide center d (see Fig. 3(a)) for an applied voltage of 1 V. It can be seen from
Fig. 5(a) and Fig. 5(b) that for the optimum position of electrodes (see Fig. 3(b)) value of
κH and κV found to be 1.32× 10−5 µm−1 and 2.66× 10−5 µm−1 respectively for an applied
voltage of 1 V.
The periods of the electrodes are chosen such that the spatial frequency K of the index
modulation matches with ∆β of the corresponding pair of modes that are to be coupled. For
the waveguides used in the simulation the respective grating periods are ΛH = 102.5 µm and
ΛV = 105.1 µm which are significantly different from each other.
Fig. 6. Variation of normalized power for vertically polarized 00(10) and horizontally
polarized 10(00) mode with voltage, corresponding to the spatial frequency (a) KH =
2pi/102.5µm and (b) KV = 2pi/105.1µm.
In order to check whether the grating that induces coupling among the H-polarized modes
also induces coupling among the V -polarized modes, in Fig. 6(a) we have plotted the variation
of the coupled power of H and V polarizations for an electrode length of 2 cm. As can be
seen in this case although the entire power in the H-polarization can be coupled into the other
spatial mode, less than 2% of the light gets coupled in the other polarization. This is primarily
due to non-satisfaction of quasi phase matching condition (see Fig. 6(a)). Similarly spatial
frequency KV can induce coupling among the V -polarized 00 and 10 modes without inducing
much coupling among the 00 and 10 modes of H-polarization as shown in Fig. 6(b).
Because of small deviations of the generated two-photon state given in Eq. (20) from
the maximally entangled form, we performed a numerical search of measurement settings
that yields the strongest violation of the CHSH inequality. The search produced values θ1 =
87.850◦, θ2 = 24.598◦, θ ′1 = 42.832
◦, and θ ′2 = 69.720
◦ with the resulting value of the CHSH
combination equal to S= 2.82236.
5. Conclusions
In integrated photonic platforms, spatial multiplexing is being actively explored as means to
increase the information capacity of optical links. Such an approach can also prove fruitful
in implementations of quantum-enhanced technologies exploiting superpositions of multiple
spatial modes. In this paper we presented a design for integrated electro-optic devices that
enables deterministic transformations of mode superpositions in a two-dimensional subspace.
We discussed application of such devices to verify entanglement generated in transverse spatial
modes by testing the CHSH inequality. Fabrication of components described here should be
within the reach of current manufacturing capabilities [33].
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